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Haldane gap
Heisenberg antiferromagnetic chain

S=1/2, 3/2, 5/2........
“massless” = gapless, power-law decay of spin 

correlations
S=1, 2, 3, .....

“massive” = non-zero gap, exponential decay of 
spin correlations

Haldane conjecture  (1981)￼3



AKLT model/state
e.g. S=1

Exact groundstate: (Affleck-Kennedy-Lieb-Tasaki 1987)

Singlet pair of two S=1/2’s -“valence bonds”

✓non-zero gap, exponential decay of correlations
(supporting the Haldane conjecture)

Symmetrization of two S=1/2’s ⇒ S=1
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Haldane Phase and QPT

gap

trivial phase 
(“large-D phase”)

“Haldane 
  phase”

quantum phase transition

Why there is the transition?

Modern understanding: Haldane phase is a SPT!￼5



￼6



Nontrivial Features of Haldane Phase

Open boundary condition : “edge state” of S=1/2
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edge states
string order : consequences of hidden Z2xZ2 symmetry

Haldane(SPT) vs trivial phases ↔ SSB vs trivial phases



How it works
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Kennedy-Tasaki transformation is a well-defined unitary
  for a finite chain with the open boundary condition
  which we assume for the moment (will come back later)



KT transformation of H
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lacks the global SU(2) spin rotation symmetry, but still has
the discrete global symmetry (π-rotation about x, y, & z axes)
  dihedral group D2 = Z2 x Z2



Consequence of Dual SSB (I)
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Suppose that the full global D2 symmetry of the dual system
  is spontaneously broken 
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dual system:

original system:

long-range “string order”!!



Consequences of Dual SSB (II)

￼15

Full global D2 symmetry of the dual system is
                                             spontaneously broken

Dual system has 4-fold (quasi-)degenerate ground states

Edge state!

Original system also has 4-fold (quasi-)degenerate ground states
        (only) for the open boundary condition



Modern View of the KT Duality
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Pollmann-Berg-Turner-MO, arXiv:0909.4059

Hidden Z2xZ2 symmetry breaking is useful
  iff the dual Hamiltonian is local (short-range int.)
   ⇔ the original Hamiltonian has global Z2×Z2 symmetry

THE question lacking in 1990s:

 When does the hidden Z2×Z2 symmetry breaking argument work?

If the Hamiltonian has the global Z2×Z2 symmetry,
  the phase with the SSB of the hidden Z2×Z2 symmetry
  is well-defined and separated from the trivial phase by
  a quantum phase transition = Z2×Z2 protected SPT!!



Digression
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“Hidden Z2 x Z2 symmetry breaking” in Haldane gap phase
    for S=1 ⇒ nontrivial SPT [Gu-Wen 2009]

only if S is odd [Pollmann et al 2009]



Kennedy-Tasaki Duality in 21st Century
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Many of the nontrivial features of the “Haldane gap phase” were
   recognized and unified as a consequence of 
             “hidden symmetry breaking”  in 1990s
although the concept of SPT was (just) missing

Great progress in understanding SPT phases
   since the discovery/proposal in 2009

Revisit the Kennedy-Tasaki duality with the modern understanding 
  - reformulation of the Kennedy-Tasaki duality
  - applications, especially to construction of gapless SPTs



KT transformation on a ring?
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Two Interpretations
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1) boundary conditions for the original & dual spins are given 
  → only the “right” symmetry sector survives 
  → KT transformation is non-invertible/non-unitary 

2) boundary condition (periodic/twisted) is an auxiliary degree 
of freedom 
   → separate Hilbert spaces for periodic/twisted b.c.   
   → KT transformation is unitary on the extended Hilbert space

cf.) similar phenomena in Kramers-Wannier duality 
     only the “right” symmetry sector survives on a ring 
                                           
    Kramers-Wannier duality can be defined as 
             a unitary transformation on an open chain



Field-Theory Formulation
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topological manipulations
    S: gauging Z2xZ2

T: stacking a Z2xZ2 SPT

Kennedy-Tasaki = STS
how to implement this on lattice?



KT transformation for S=1/2
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consider a system of two species of S=1/2: σ and τ

Z2xZ2 symmetry generated by

S: gauging by Z2xZ2 ⇔ Kramers-Wannier for σ, τ

T: stacking with Z2xZ2 ⇔ “Domain wall decoration” 



Symmetry/Twist Sectors
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Symmetry sectors for σ, τ
      uσ,τ = 0, 1 (even/odd under spin flip)

Twist sectors for σ, τ
      tσ,τ = 0, 1 (periodic/antiperiodic boundary condition on ring)

dual spin original spin

Similar to the original KT for S=1

(in fact we have shown the equivalence between the KTs)



Construction of SPT
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Two decoupled Ising chains in the ordered phase

Z2xZ2 fully broken spontaneously
Kennedy-Tasaki
duality mapping

1D “cluster model”: Z2xZ2 SPT
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SPT-SSB Phase Transition
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Z2xZ2 SPT Z2 SSB (of τ)

2-fold degenerate g.s.
  due to Z2 SSB

4-fold degenerate g.s.
  due to edge states
 (on open chain)

critical point

2-fold (exponentially) degenerate g.s.
  due to edge states — “gapless SPT”

[Scaffidi, Parker, Vasseur 2017]



Duality Viewpoint

￼26

<latexit sha1_base64="nCo8vGhwTnmpa/O7w9YzNIwqdRs="></latexit>

H = �
X

i

⇣
⌧
z
i� 1

2
�
x
i ⌧

z
i+ 1

2
+ �

z
i�1⌧

x
i� 1

2
�
z
i + h�

x
i

⌘

<latexit sha1_base64="yilnc1vNiu4nNn2k1NftIrrz31c="></latexit>

Hdual = �
X

i

⇣
⌧
z
i� 1

2
⌧
z
i+ 1

2
+ �

z
i�1�

z
i + h�

x
i

⌘

h

Z2xZ2 SSB Z2 SSB (of τ)

2-fold degenerate g.s.
  due to Z2 SSB

4-fold degenerate g.s.
 due to Z2xZ2 SSB

critical point

2-fold (exponentially) degenerate g.s.
  remaining due to “spectator” SSB of τ
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Intrinsically Gapless SPT
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Verresen, Thorngren, Jones, Pollmann, 2019
Thorngren, Vishwanath, Verresen 2020
Li-MO-Zheng 2022, Wen-Potter 2022 etc.

“topological” features of the gapless SPT phase has no
                        counterpart in a gapped SPT

Entire global symmetry G: non-anomalous
subgroup Glow of G acts on low-energy sector anomalously
(cancelled by anomaly in the gapped sector)



Intrinsically Gapless SPT
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“intrinsically gapless SPT” protected by Z4 symmetry
   generated by 
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igSPT + Z4 symmetric perturbation
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h respects the Z4 symmetry
the system is trivial in the limit h → ∞ 
is the igSPT phase stable against a small h?  phase diagram?
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XY chain in a field

Transverse Ising chain

Both exactly solvable! 



Phase Diagram
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Ising SSB
XY critical (TLL)

Ising trivial
XY critical (TLL)

Ising trivial
XY trivially gapped
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Getting Rid of Gapped Sector?
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Replace the gapped SSB in the dual system with a gapless system

(ipgSPT characterized by
    symmetry charges in twisted sectors)
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Summary
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trivial + trivial

Z2 SSB + trivial

Z2 SSB + Z2 SSB

Z2 SSB + Z2 Ising CFT

Z2 SSB + Z4 free boson CFT

Z2 free boson CFT + Z2 free boson CFT

Z2 free boson CFT + Z4 free boson CFT

trivial

Z2 SSB + trivial

Z2xZ2 SPT

Z2xZ2
gapless SPT

Z4 intrinsically
gapless SPT
Z2xZ2 purely
gapless SPT

Z4 intrinsically
purely gapless SPT
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Recent Developments
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arXiv:2403.00905      duality for fusion category symmetries

arXiv:1803.02369, arXiv:2402.09520
duality for subsystem symmetries

arXiv:2311.90050  systematic classification of gSPT with dualities


